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Abstract 

We establish a divergence free partition for vector- valued Sobolev 
functions with free divergence in R", n > 1. We prove that for any do- 



. main of class C in R", n — 2,3, the space -Do(^) = {v G Hq {fl)" ; divv 

^ ! 0} and the space Hl„{n) = {v e C^(f])"; divv = o}"'""'<'"" , which 

is the completion of {v G C^(Jl)"; divv = 0} in the i/^(ri)"-norm, are 
identical. We wiU also prove that Hq^{D \ il) {v e Hq^„{D);v = 
a.e. in f2}, where Z? is a bounded Lipschitz domain such that CC 
^ . D. These results, together with properties for domains of class C, are 

used to solve an existence problem in the shape optimization theory of 
the stationary Navier-Stokes equations. 

, Key words. Partition of functions, shape optimization, station- 

ary Navier-Stokes equation 
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In this paper, we study an existence problem in the shape optimization 
theory of the stationary Navier-Stokes equation over D\n with Q CC D 
varying. Here, D C R", n = 2,3, is a given bounded Lipschitz domain 
and Q is supposed to satisfy the property C to be defined in section 2. Our 
main ingredient for such an investigation is a new divergence-free partition 
for divergence free vector-valued Sobolev functions defined over D\fl. This 
partition is established by making use of the classical Hodge Theory in 
Differential Geometry. To be more precise, we let D be an open subset 
in R" (n > 1), and let {Uj}J^^ be an open covering of D. Suppose that 
u G Dq{D) = {u G Hq{D)'^ \ divu = 0}. Then our first main result states 
that there are functions {u^}^^ such that Uj G DQ{Uj), u = "-j over D 
and ||uj ||j:^i(-^^.)n < C||u||j:/i(-£))n for some positive constant C independent 
of u. Moreover, such a partition inherits the following local property: If 
u|f2= with Q CC D and Q, is of class C to be defined in section 2, then we 
can choose {uj}!^^ such that Uj|n= for j = 1, • ■ • , m. 

The above decomposition, besides its application to the shape optimiza- 
tion problem for the stationary Navier-Stokes equation, has many corollaries 
which might be interesting in their own right. For instance, it gives the fol- 
lowing property for the function spaces Hq^^{CI) and Hq^^{D\CI) where 

Hl^{n) = {u G C^(0)"; divu = 0}"'"«i(")" 

(the completion of {u G Cg°(n)"; divu = 0} in the norm of H^{Q,)"-): 
If ri is of class C and D is Lipschitz, then 

iJoV(^^) =_Do{^), (1-1) 
Hl^{D \ H) = {v G iJoV(^); V = a.e. in U}. (1.2) 

(1.2) has the following consequences: 

(i) If V G iJoV(^ \ then V G Hl,{D), where 

- ^ fv in D\n, 
1 0, in n. 

(ii) If V G H^aiD) and V = a.e. in n, then v G H^^iD \ H), where 

V is the restriction of v over D \ J7. 

(1.1) and (1.2) can be compared with the classical result in [7]: If v G 
Hq{D) and u = quasi-everywhere in D\il ( where is an open set ), then 

V G Hq{^). They can also be compared with the result in [14], which states 
that if u G Hq{D) and v = a.e. in D \ O ( where O is of class C ), then 
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V € ifd(O). We notice that (1.1)-(1.2) have been obtained earlier in [6] and 
[11] under the assumption that $7 is Lipschitz. The novelty in (1.1)-(1.2) 
is that Q does not have to have a Lipschitz boundary. In fact, a generic 
domain with property C is not a finite union of Lipschitz domains. It may 
have cusps and infinitely many oscillations with vanishing amplitude. 

Fundamentally based on the aforementioned decomposition and proper- 
ties on the family O which will be defined in Section 2, we study in section 
5 a shape optimization problem. In this problem, we will look for a domain 
of class C which minimizes a certain cost functional associated with the so- 
lutions of the stationary Navier-Stokes equation. Our main purpose for this 
part of the paper is to prove Theorem 5.1 to be stated in section 5. 

There have been extensive studies for the existence problems in the shape 
optimization theory for elliptic equations in the past twenty years. Here, we 
mention the work in [4], [10], where results axe obtained over domains with 
sufficiently smooth boundary. We mention the work in [12] and [3], which is 
based on a certain capacity constraint and penalty terms, respectively. For 
more recent work, we mention [14] and [15] where the domains are assumed 
to have a certain segment property. These two papers are based on the 
analysis of the set of bounded open sets of class C in the sense of Maz'ya [8] , 
which, in terms of Adams [1], is identical to the set of open subsets with a 
certain segment property. 

Our paper is organized as follows. In Section 2, we give some definitions 
and preliminary facts for domains of class C. In Section 3, we establish 
a divergence free partition of vector-valued Sobolev functions mentioned 
above. In Section 4, we study properties of the function spaces Hq^{^}) and 
Hq^^{D\Q,). Finally, in Section 5, we prove the existence theorem of a shape 
optimization problem for the stationary Navier-Stokes equation. 

2. Preliminary facts for open subsets of class C 

Let Q be a bounded open subset in R", n > 1. We say that Q is of 
class C or has property C, if the following properties (2.1), (2.2) and (2.3) 
are satisfied: 

There is a family of real valued continuous functions g defined over 
S{0, kfi), where S{0, ka) C R"-"^ is the open ball centered at and of radius 
> 0, such that 

dn= \J {og + Rg{{s,g{s))y,seS{Q,kn)}. (2.1) 
Here Og G is a certain point which gives the center of the local sys- 
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tern of axes and Rg : R" R" is a certain unitary rotation such that 
Rg{0, ■ ■ ■ ,0,1) = Vg, where the unit vector yg gives the local vertical direc- 
tion. Moreover, for any g G JTq, there is an an > such that 

Og + Rgiis,g{s))) -tyg G G (0,an),s G S{0,kn), (2.2) 
Og + Rg{{s,g{s)))+tyg G R"\n,t G (0,aa),s G S{0,kn). (2.3) 

By the Lebesgue Lemma, it follows from (2.1) that there is an rn G 
(0, /cq) such that the restricted local charts defined on S{0,rn) also give a 
covering of 

dn= \J {og + Rg{{s, 0)) + g{s)yg; s G 5(0, rn)}. (2.4) 

The above definition was given in [14], which is a slight modification of 

the corresponding definition given by Maz'ya [8]. Roughly speaking, Q, is 
of class C if 90 is locally a graph of a continuous function with segment 
property. We easily see that if is of class C, then there are open sets 
{Fjl^i such that 

m 

00 C U Vj, (2.5) 

i=i 

Vj = {x G R"; X = pj{s) + tvj,s G ^(O, kn), t G {-d, d)}, (2.6) 

with Vj a unit vector, Pj{s) = oj + Rj{{s, gj{s))),gj G Oj G 50 and i?j a 
unitary rotation satisfying Rj{{Q, • • • , 0, 1)) = Vj. Moreover, by the segment 
property in (2.2) and (2.3), we may take d > small enough such that for 
any j = !,■■■ ,m, 

Vf^ = {x en^'-x = pj{s) + tWj,s e S{Q,kn),t e {-d,{))} ^^l, (2.7) 
y/ = {x G R"; X = pj{s) + tYj, s G S(0, A;f^), t G (0, d)} C R"\0, (2.8) 

and 

{x elC;x= pj{s) - dwj, s G 5(0, kn)} C O. (2.9) 

We also notice that 

= {xe BJ';x=pj{s),se S(0, fcn)} C 00, (2.10) 

Now let D and B be bounded open subsets in R" with B CC D, and let 
a, r and k be positive constants with r > k. Define 0{a, r, k) to be the family 
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of all open subsets contained in B such that every Q G 0{a, r, k) is of class 
C with A;n > A; > 0, an > 0, rn < r ( where fen, an and rci are given as in 
(2.1), (2.2)-(2.3) and (2.4) ). In what follows, we will write O forO{a,r,k), 
for simplicity of notation. Moreover, we require that the family of functions 
!F = {JciQO-^^ ^-^ equi- continuous and equi-bounded on S{0,k). We define 
the usual topology on O by the HausdorfF-Pompeiu distance between the 
complementary sets (which are closed): 

p(0i,Q2) = dist(S\J7i,S\r22) for all ^1,^2(^0. (2.11) 

Denote by Hlim, the limit in terms of (2.11). The following lemmas will be 
used to study the existence of our shape optimization problem in section 5. 

Lemma 2.1 ([14]) Let {0^}^^]^ C O. There exists a subsequence 

{^mjfetl of {^m}^=l such that 

Hlim = noeo. 

Lemma 2.2 ([10]) (T-property for O) Let {^rn}m=i C O and let VIq e O 
be such that Hlimm^oo^m = ^o- Then for any open subset K with K CC 
(i.e.ji^r C Oq), there is a natural number m{K) such that for all m > m{K), 

K c nm. 

Lemma 2.3 ([15]) (f -property for O) Let {^m}m=i C O and e O 
be such that Hlim^_^oof2^ = CIq. Then for any open subset K with K C 
R"\r2o, there is a natural number m{K) such that for any m > m{K), K C 

3. Divergence free partition of vector-valued Sobolev func- 
tions — an application of the Hodge theorem 

In this section, we shall apply the Hodge theorem to establish a diver- 
gence free partition for vector-valued Sobolev functions in R",n > 1. We 
will refer the reader to the book of George de Rham [5] for a detailed accout 
on the Hodge Theory. 

We recall that for an open subset J2 C R**, Dl{Q) = {v G i/g (i^)"; diw = 

0}. 

Theorem 3.1 Let D be a bounded open subset in R" and let u G 
Dq{D). Suppose that Ui,i = l,---,m, are bounded open subsets in R'* 
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such that Ujli Uj CC D. Then for any open subset U CC \Jf=i Uj, there 
are functions {ujjji^ such that 

m 

u = ^ Uj over U 
and for j = 1, ■ ■ ■ , m, Uj G DKUj) and 

where C is independent of u G Dq{D). 

Proof of Theorem 3.1 Write u = (txi, • ■ • , u„) and 

n 

w = ^{-iy~^^Uidxi A • • • A A • • • A da;„. (3.1) 

Then dio = divu cixi A • • • A dxn = 0. Hence, a; is a closed (n — l)-form over 
with iJ-'^(R")-regular coefficients and spt(a;) C D, where spt{u) denotes 
the support of to. 

Let S"* be the standard sphere in R"+^ and let g be the standard metric 
on iS"^. We fix a Sobolev space H°'(S'^) of order a for a € R by using the 
metric g and a certain partition of unity over S". Let tt : S"'\N — R" with 
N = {0, - ■ ■ ,0,1) be the stereographic projection and let 



*^/7r*M, for peS'^XN, 
^ i 0, for p = N. 

Since lo has compact support in R", uj* is an (n — l)-form over S"* 
with i?^(5'"')-regular coefficients. Moreover uj* is identically zero in a small 
neighborhood of N. Notice that dw* = 0. 

Let Ag^n-i be the standard Betrami-Laplacian operator over S'" acting 
on the space of (n — l)-forms. Consider the equation 



Ag,„_ia*=a;*. (3.2) 

By the Hodge theorem, KerAp,„_i = H^eRhami^'' ^ = M- Hence, equa- 
tion (3.2) admits a unique solution a* with the estimate 

Ik*llif3(5") < C||a;*||/j-i(5n), 
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where C is independent of the choice of u*. 

Notice that Ap_„_i(T* = dd* a* + d* da* = u* and duj* = 0. Here d* is the 
Hilbert space adjoint of the exterior differential operator. It follows that 

{dd*a* + d*da*,d*da*) = {uj*,d*da*) = {duj\da*) = 0. 

Since {dd*a* ,d*da*) = {d^d*a*,da*) = 0, we get d*da* = 0. Thus 
dd*a* = CO*. Write r* = d*a*. Then dr* = to* and 

Il''"*l|if2(5") < C||a;*||iji(5n) < C||c<;||ifi(D)- 

Here and in what follows, C denotes a constant independent of the choice 
of CO with sptco C D. However the constant C may be different in different 
context. 

Let r = (7r-^)*(T*|5n\jv)- Then 
dr = d((7r-i)*(r*|5n\^)) = (7r-i)*d(r*|5n\iv) = (7r-')*(a;*|5n\iv) = u;, 
and 

< C||r*||^^2(5n) < C||a;||j^i(£,). (3.3) 

We next let {xj}f=i be such that Xj e C^{Uj),0 < Xj < h and 
J2f=i Xj = 1 over U CC (J^i Uj. Set Tj = XjT- Then sptTj C Uj and 

m 

dTj = UJ over U . 

i=i 

Moreover, drj is an (n — l)-form over R" with iJ^-regular coefficients and 
spt{dTj) C Uj. Write for each j = 1, • • • , m, 

n 

dTj = ^{-iy~^^bijdxi A ■ ■ ■ A dij A ■ ■ ■ A da;„, (3.4) 
j=i 

where bij G HQ{Uj), i = 1, ■ ■ ■ ,n. 

Let Uj = (6ij, • • • , &„j). Then uj G i?o ([/,)". Since = d^r,- = 
(divuj)(ixi A • • • A dxn, it follows that divUj = 0. Moreover, by (3.3) we 
have 

- ^W'^jlln'^iUj) < C||r||;f2(o) < C||a;||j^i(D) < C||u||j^i(d)- 
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On the other hand, since 

m 

dTj = u over U 
it follows from (3.1) and (3.4) that 

m n 

^{-iy~^^bijdxi A ■ ■ ■ Adxi A ■ ■ ■ A dxn 
j=i i=i 
n 

= '^{—iy'^^Uidxi A ■ ■ ■ Adxi A ■ ■ ■ Adxji over U, 
which implies 

m 

Ui = ^ bij over U, i = 1, ■ ■ ■ ,n. 

Thus, u = J^™ 1 Uj over U. This completed the proof. ■ 

Corollary 3.2 Let C R" be a bounded open subset and let u G 
L>^(D). Suppose that {f7,}"L I is an open covering of D with Uj=i 
-Br(O), the ball in centered at and of radius R. Then there are functions 
{^j}]Li ) such that 

m 

u = ^ Uj over D 

and for all j = 1, • • • , m, Uj G D^iUj) and ||uj||j:^i([/^.) < C||u||^fi(£)). Here C 
is independent of u G Dq{D), but depends on R. 

Proof of Corollary 3.2 Let oj, vr, 5", iV, a;*, cr*, r* and r be given as 
in the proof of theorem 3.1. We then have dr = to and ||T*||//2(5n) < 
Let xBji € Cq°{Br) be a cutting function with xBji = 1 over 
U7=iC/,-. Then 

m 

diXBuT) = Lv over |J Uj 

and 

< C||a;*||j^i(5„) < C\\uj\\h1{d)- (3-5) 
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Now let {xjYJLi be such that < Xj < hXj ^ C^{Uj),ET=iXj = 1 
over D. Then 

m 

d{XBRT ^Xj)=^^ over D. 
j=i 

Let Tj = XBjiXjT- Then sptrj C Uj. Thus it fohows from (3.5) that drj is 
an (n — l)-form with ff^(R'^)-smooth coefficients and 

Write 

n 

dTj = ^(— A • • • A dxi A • • • A dxn,j = 1, ■ ■ ■ ,m, 

i=l 

and let = • • • , ftnj) for j = 1, • • • , m. Then by the same argument 
as that in the proof of Theorem 3.1, we get 

m 

u = ^ Uj over D, 
Uj G Dl{Uj),j = l,---,m, 

and 

||uj||^^i([/^^) < C||u||^i(^), j = l,---,m. 
This completes the proof. ■ 

4. A localization property of the divergence free decomposi- 
tion 

In this section, we shall prove a localization property of the divergence 
free decomposition established in section 3. Based on it, we obtain some 
identities for certain fundamental function spaces related to the Navier- 
Stokes equations. 

Theorem 4.1 Let D he & bounded open subset in R^, and let H = 

Ujli% CC L> be a finite union of open and connected subsets in with 
n % = foi' ^ 7^ i- Assume that {f/j}^]^ be an open covering of dO. in 
R2 with UjLi Uj CC D. Let u G Dl{D) with u = over Q.. Then there are 
functions {uj}JL^ such that 

m 

" = % 
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over a certain neighborhood J7 of in with [/ CC Uj=i ^ji ^^'^ for all 
j = 1, • • • , m, Uj e {Uj),Uj = over Q and 

l|uj||Hi(;7j) < C||u||//i(£)), 

where C is a positive constant independent of u G Dq{D). 

Proof of Theorem 4.1 Step 1. We shall first prove the theorem in 
the case that O is connected. 

Let uj,uj*,T* and tt be given as in the proof of Theorem 3.1. We then 
have LO* = dr* and 

Il''"*lk2(52) < C||a;||iji(52) < C||a;||^i(D)- (4.1) 

Since u = over Jl, it follows that a; = over fi, which implies that 
oj* = over 7r~^(J7). Hence, dr* = over 7r~^(r2). Because r* is a 0-form 
and Q. is connected, there is a constant cq G R such that 

r* = co over -^-^{9). (4.2) 

By (4.1) and (4.2), we obtain 

|co| < C||(j||^i(£,). (4.3) 

Let f* = T* - Co. Then f* = over 7r-^(0) and df* = d{T* - cq) = 
dr* = w*, moreover, it follows from (4.1) and (4.3) that 

Il'^*lk2(52) < C'lklli?i(D)- 
Let f = (7r~-^)*(f*|52\jv). Then f = over 9, df = ui and 

||r||i/2(^) < C||7r*f||/^2(52) < C||f*||i^2(s2) < C||a;||/fi(^). (4.4) 

Let U be any neighborhood of dVL such that tj CC UjLi C^?' and let 
{Xj}f=i be such that < Xi < e Cl{Uj) and Er=i Xi = 1 over U. 

Then we have 

m 

XjT-) = u; over U. 
Let fj = Xjf, j = 1, ■ ■ ■ ,m. Then fj G Hq^Uj), fj = over O and 

dfj = LO over ?7. 
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Write, for j = 1, ■ ■ ■ ,m,dfj = bijdx2 — b2,jdxi for certain 6ij,62j £ 
Hl{Uj) with hi^j = over fi. Let uj = (fcij, 62j),i = 1, • • • ,m. Then one 
can easily check that for all j = 1, • • • , m, = over Q, Uj G Dq^Uj) and 
u = Yl^=i over [/. Moreover, it follows from (4.4) that 

< C(||6ij||^fi((7^.) + \\h2,j\\m{Uj)) 

< C\\dfj\\Hi{Uj) < C||T||^f2(o) 

< C||a;||jji(£)) < C||u||jji(£)). 

This proves the theorem in case $7 is connected. 

Step 2. We next prove the theorem in case is multiple-connected. For 
brevity of notation, wc assume that is 2-connectcd. (The general case can 
be similarly done through an induction argument.) Then Q = Qi\JQ2 with 
^1 = 07 ^1 and O2 being connected. 

By refining the covering {Uj}'jLi of dQ, we may assume, without loss of 
generality, that there are open subsets {Uj^i}^-^ and {Uj^2}]Li such that 

m m 

i=i i=i 

Uj^i C Uj for j = 1, ■ ■ ■ ,m, i = 1, 2, 

Ui,if]Uj,2 = <I> for l,j = l,---,m. 
Let J7i and U2 be neighborhoods of and 80,2, respectively, such that 

mi m2 

j=l j=l 

Since u G Dq{D) and u = over Qi, it follows from Step 1 that there 
are functions {uj^i}^]^ such that u = J2JLi ^j.i over Ui and for each j = 
1, ■ ■ ■ , m, Uj^i G DQ{Uj^i),Uj^i = over Oi, and 

l|Uj,l||i?l(t^jM) - C'||u||ijl(£)). 

Notice that for j = l,---,m, Uj^i = over ^2, for 02r\Uj,i = and 

u,-iGi?i(t/,,i). 

Now let V = u — J2]jLi Uj. Then v € Dq{D) and v = over 02- Again, 
by Step 1, there are functions {uj,2}^i such that for each j = 1, • • • ,m, 
Uj,2 e D^{Uj,2),Uj^2 = over ^2, 

l|Uj,2||ifi(!7j,2) ^ C||v||jfi(£)) < C||u||j^i(£,), 
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and V = J2"=i Uj,2 over U2- Notice also that for j = 1, • • • , m, Uj^2 = over 
for ?7j-,2 n^i = and Uj,2 e ^o(^j,2)- 

Finally, let = U;^i + Ui^2, I = 1, - ■ ■ ,m. Then it is clear that 

m 

u = ^ u/ over U = Ui[J U2, 
1=1 

and for all / = l,---,m, G Dq{Ui), U; = over Cl and ||u;||^fi([/j) < 
C||u||j|^i(£,). This completes the proof. ■ 

By the almost same argument as above with some slight modification, 
we can get the following. 

Theorem 4.1' Let D be a bounded open subset in R^, and let Q = 
[jf=i^j CC L>beafinite union of open and connected subsets with f] = 
$ for i j. Suppose that F is a compact subset of 50 and {Uj}jLi is an 
open covering of F in with IJ^i Uj CCD. Let u G Dq{D) with u = 
over n. Then there are functions {uj}'jLi such that 

m 

over a certain neighborhood f7 of F in R^ with [/ CC UjLi Uj, and for all 
J = 1, • • • , m, Uj G DQ{Uj), Uj = over Q and 

l|Ujlli?i(!7j) ^ C||u||ii-i(£,), 
where C is a positive constant independent of u G Dq{D). 

We next prove a version of Theorem 4.1 for domains in R^. To this 
aim, we need to recall some results from Algebraic Topology. Two good 
references for the topological results which we will quote here are [9] and [2]. 

Suppose that is a bounded open subset in R",n > 1, with dO, a 
compact topological manifold of dimensional n — 1. By making use of results 
in Algebraic Topology ( see pp.227, (26.17.8), [9]), there is a bounded domain 
J7' CC R" with smooth boundary dO,' such that W Z)D Q and O' can 
be retracted to 17. Namely, there is a continuous map 7 : $7' ^ with 
jIq = id ( the identity map ). This implies that the homological group 
i7i(f2,R) is of finite dimension and can be naturally embedded as a vector 
space of ii"i(n',R). Let {[71], ■ ■ ■ > [7fc]} be a basis of Hi{n,'R) with 7^ : 
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[0, 1] —>■ Q a smooth closed Jordan curve for each j (sec pp.63, (12.1), [9]). 
We can then extend {[71], • • • , [7^]} to a basis {[71], • • • , [7^], • • • , [7m]} of 
Hi{n', R). Let {[n], • • • , [tm]} be the dual basis of {[71], • • • , [7fc], • • • , [tm]} 
in H^^j^i^^^{Q' ,11) . Then {[ti], • • • , [r^]}, when restricted to Q, gives a dual 

basis of {[71], • • • , [7A;]}) namely, / Tj = dj. Here {tj} are smooth 1-forms 

over Q'. 

Lemma 4.2 Under the above notations, further assume that C 

is connected and of class C. Let r be a 1-form over n' with H'^{n')-rcgnlaT 
coefficients. Also assume that dr = over Q. Then there exists h G 11^(0.') 
and {cj}^^i C R such that 

k 

T = dh + ^ CjTj over fi, 

and 

ll^ll//2(n') ^ C||T||^2(f^/), |cj| < C||r|1^2(f^,), j = l,---,k. 
Here C is a positive constant depending only on and Q'. 

Proof of Lemma 4.2 Let ^0 G 1) be such that -00 > and 

/r3 ip{x)dx = 1 where il){x) = V'o(kP), and let ts{x) = t{x — y)ips{y)dy, 
where 6 > and ipsiv) = 5~^ilj{S~^y). Then by the Priedrich smoothing 
lemma, for any 5o << 1, — > r in i/^(J7^^) as 5 — > where Q'g^ = {x E 
Q'; dist(x, 9ri') > 5o}. Moreover, rs G A^{Q'g), i.e., ts is a smooth 1-form 
over Q'g and drs = over Qs, where = {-^^ S $1; dist(.T, 30) > 6}. 

Next, since r has ii/^(17')-regular coefficients, for each piecewise smooth 
curve 7 in O', the restriction of r on 7 is well-defined and is L^-integrable 
by the trace theorem. Hence, we can well define r, moreover, by the trace 
theorem, 

I / t| < C(7)||r||^fi(n,), 

where 0(7) depends on 7. 

Now let Cj = J^.T, j = 1, ■ ■ ■ ,k, and f = r — J2^=i (^j^j- It is clear that 

\cj\ < C(7j)||r||^^i(n/). 

We claim that for each piecewise smooth curve 7 : [0,1] — > O, J^f 
depends only on 7(0) and 7(1). 
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Indeed, for each 7' : [0, 1] ^ Q piecewise smooth curve with 7'(0) = 
7(0),7'(1) = 7(1), since 7' — 7 is homotopical to J2j=idjjj for a certain 
choice of {dj}j^i C R, we get 



/'-T 1=1 3=l-'^i 1=1 

k 

Ts - Cidj5l) 



i,j=i •'^^ 

T5-Cj). 

j = l 



Letting (5 ^ 0, we get 



k 



"^t'-t i=l j=l 

Now we fix po £ ^- Since is connected, for any p G 17, there is a picccwisc 
smooth curve 7 : [0, 1] — > f2 with 7(0) = po, 7(1) = p. We define h : Q, ^ H 

by 

Hp) = / (^-I^cjT-j) = / ^• 

It is clear that h is well-defined over By the standard arguments in 
calculus, one can easily verify that dh = t over and thus h G H^{Cl). 
Moreover, 

WHmin) < C||T||j^2(f^/). 

Through the proof, as mentioned before, C denotes a positive constant de- 
pending only on Q and which may be different in different context. 

Next, we are going to extend h from $7 to 17' so that the extension is 
the desired function. To this end, we observe first that since Q is of class C, 
there exist open sets {V^ jjLi such that (2.5)-(2.10) are fulfilled. Moreover, 
by taking d small enough, we may have 

m 

U Vi cc n'. 

i=l 

Now we define the extension of h on Vj as follows: 

■'Cp-(s)+tMj 
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for s E S{0,kfi) and t G {—d,d), where Cp.(^s-^^t^. denotes the segment 
connecting Pj{s) — dvj to Pj{s) + tvj. It is clear that hj is well-defined. 
By the trace theorem and a direct computation, we have hj G H'^{Uj) with 
ll^j lli?2(;7^.) < C||T||j:/2(f^/). Moreover, by (2.5)-(2.10), the whole segment 
Cpj(s)+tvj lies in $7 if Pj{s) + tYj G i}f]Vj. Thus for Pj{s) + tvj G Qf]Vj, 

^j{Pj{s) + tvj) = dh + h{pj{s) - dvj) = h{pj{s) + twj), 

i.e., hj = h over Q.(^Vj. 

Let U he & neighborhood of dO, such that C/ CC Ujli ^^^d {xj}^i 
be such that Xj e C'o°(^j), < x^- < 1 for j = 1, • ■ ■ , m, and Ejli Xj = 1 
over tj. Set 



/ij {x) 

Then Xj^j € and 



hj{x), X £Vj, 

0, xGJ^'\Fj-. 



\\Xjhj\\H^(n') < C||r||j^2(Q/) 
Let /i = J2]Li Xjhj, then = h{x) over [/ and 

ll^lli?2(n') < C||T||^f2(n/) 



h{x), X eu[j{n'\n). 



Finally, we set 

h{x) -- 

Then one can easily verify that h G H'^{il'),h = h over O and 

11^1^2(0') < C||t||^^2(q/). 

This completes the proof of Lemma 4.2. I 

Remark 4.3 Let D C R" be an open subset such that 0, CG D. Then 
Q' in the above lemma can be taken as W CC D. 

Theorem 4.4 Let D be a bounded open subset in R^ and let O CC .D 
be of class C. Assume that DD O is given as in Lemma 4.2 such that 



15 



n' CCD. Let {Uj}]U be an open covering of dO. in with U^i Uj CC Q' 
and let u G Dq{D) with u = over CI. Then there are functions {ujljlj^ 
such that 

m 

over a certain neighborhood C/ of dQ in with U CC [jjLi Uj, and for all 
j = 1, • • • , m, Uj G D^iUj), Uj = over f2 and 

where C is a positive constant independent of u G Dq{D). 

Proof of Theorem 4.4 Since is of class C, we have n = U 
with Oj being open and connected and P| = for i 7^ j. We shall prove 
the theorem only in the case when Q is connected. The rest follows from 
the identical argument as that in Step 2 of the proof of Theorem 4.1. 

Let LO,'K,u>*,a*,T* and r be given as in the proof of Theorem 3.1. We 
have 

dr = Lo and ||T||ff2(£)) < C||a;||j^i(£)). 

Here and throughout the proof, C denotes a positive constant independent 
of LO, whenever sptu C D. However C may be different in different context. 
Thus t\q_i, the restriction of r over O', is an 1-form over with H^{fl')- 
regular coefficients. 

Since u = over $7, it follows that dr = lo = over $7. Then by Lemma 
4.2, there are h G H^{^'), {Tj}^=i C A^{n') and {cj}^=i C R such that 

k 

T = dh + ^ CjTj over J7, 

k 

\\h\\min') + I'^il - C'||T||//2(f2/) < C||r||j^2(D). 

Let C/ be a neighborhood of in R^ such that U CC UjLi Uj and {xj}'jLi 
be such that Xj e C^{Uj),0 < x j < 1 and X)!^! Xj = 1 over U. 
Let 

k 

'^^ = Xj{T -dh-^ CiTi), j = !,■■■ ,m. 

i=l 
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Then is a 1-form over R'^ and 

k 

dr^ = dxj A{t -dh-Y^ Cin) + Xjdr. 

i=l 

It is obvious that 

m 

dr^ = uj over C/, 

and for all j = 1, • • • , m, dr^ G H(j{Uj), dr^ = over Uj f] ^- Moreover, it 
follows from the estimate in Lemma 4.2 that for all j = 1, • • • , m, 

- C'||t||h2(£,) < C||a;||j^i(£,). 

Now we write 

3 

dr^ = '^{—ly'^^bijdxi A • • • A dxi A • • • A dx^, j = 1, • ■ ■ , m, 
1=1 

and let Uj = {bij, 62j, &3,j), j = ^, ■ ■ ■ Then one can check easily that 

m 

u = ^ Uj over U, 
and for all j = 1, • • • , m, Uj G DQ{Uj), Uj = over and 

This completes the proof of Theorem 4.4. I 

By the same argument as above with some slight modification, we can 
get the following. 

Theorem 4.4' Let D he a bounded open subset in and let $7 CC D 
be of class C. Assume that Q' DD is given as in Lemma 4.2 such that 
Q,' CC D. Let r be a compact subset of dCl and let {Uj}jLi be an open 
covering of r in R3 with UjLi Uj CC n'. Suppose that u G D^{D) with 
u = over fi. Then there are functions {uj}^^ such that 

m 
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over a certain neighborhood {/ of F in with [/ CC UjLi Uj, and for all 
j = 1, ■ ■ ■ ,m, Uj G DQ{Uj), Uj = over J7 and 

I|ujlli?i(i7j) ^ C!||u||//i(£,), 
where C is a positive constant independent of u G Dq{D). 

We next apply the above results to obtain some characterizations for 
some Sobolev function spaces. 

Theorem 4.5 Let D C R", n = 2, 3, be a bounded open Lipschitz 
subset and let be of class C such that Q CC D. Then H^^{D \n) = {v e 
Hl^{D); V = a.e. in n} 

Proof of Theorem 4.5 It is clear that H^ ,,{D\n) C {v G H^^iD); v = 
a.e. in fi}. 

Let u G Hq^^{D) satisfying u = a.e. in Q. Let be given as in Lemma 
4.2 such that CC W CC D. Let {V^ jjLi be the covering of dQ as given 
by (2.5) and (2.6). By taking d in (2.6) sufficiently small, we have 

m 

U CC n'. 

Then by Theorem 4.1 and Theorem 4.4, there are functions {uj}^^ and a 
neighborhood U of in R" such that 

m 

u = ^ Uj over f7 

and for all j = 1, • • • , m, uj G DQ(Vj), uj = over Q. 

Since T^- CC -D and Uj G £>o(^)' ^o^ds that Uj G Dq{D). Since D 
is Lipschitz, we have Dq{D) = Hq^{D) (see Lemma 1.2.1, Chapter 3, [11]). 
Hence, G Hq^^{D) for j = 1, • • • , m. 

Now let Uq = u — J2]Li^j- Then uq G Hq^^{D),uq = a.e. in 
Q\JU. Since t/IJ^^ there exists an open Lipschitz subset V such 

that U\J^ DD V DD Hence, Uq = a.e. in V which implies by 
the trace theorem that Uq G Hq{D \ V)'^. Since D \ V is Lipschitz and 
divuo = 0, we have uq G Hq^{D \ V) (see Lemma 1.2.1, Chapter 3, [11]). 
Thus uo G i^oVP\^)• 
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We next claim that uj € Hq^^{D \ Q) for each j = l,---,m. To 
this aim, we fix j G {I,-"" j^t-} and define u*- for t G (0,r), where r = 
^mm{d, dist{sptUj , dVj)) , by u* (x) = Uj{x — tVj). ( We recall that Vj is 
given by (2.6). ) One can easily check that divu*- = for each t € (0,r). 
Now we prove that u*- € Hq^{D \ for each t € (0,r). Indeed, for each 
fixed t G (0, r), sptu*- = sptUj + ivj and u*- = over O + tVj. Thus 
sptu*- CC Vj\Vt. Therefore, there exists an open Lipschitz subset Uj^t C R" 
such that sptVi-j CC Uj^t Vj\Q. It is clear that u* G Hl{Uj^t)^ since 
Uj,t is Lipschitz. This imphes that u*- G DKUj^t), for divu* = 0. Thus 
u* G Hl^{Uj^t){ see Lemma 1.2.1, Chapter 3, [11]). Hence, u*- G Hl^{D\n). 
On the other hand, one can easily verify that 

H-'^jWmiDxn)^^ as i^0+. 

Thus we have proved that Uj G i?Q^ (D \ 0) . 

Since u = Z^^o "ji follows that u G i?o,CT(-C'\^^)- This thus completes 
the proof of Theorem 4.5. I 

Theorem 4.6 Let O C R'* for n = 2, 3 be of class C. Then 

Dl{n) = Hl,{n). 

Proof of Theorem 4.6 It suffices to show that D^{n) C H^^in). 
Let u G £>o(^) a^^d let D, D\ be bounded open Lipschitz subsets in R" such 

that $7 CC Di CC D. Extend the function u to R" by setting it to be 
zero outside Vi. From the argument in the proof of Theorem 4.5, it is clear 
that u G Dq{D). Let = Di\^}. Then O CC D is of class C since every 
bounded open Lipschitz set is of class C, and u = over Q. Let Cl' be given 
as in Lemma 4.2 ( i.e. fl' can be retracted to fl) such that fl' CC D, and Let 
{Vj}JLi be the open covering of d^l, given as in (2.5) and (2.6), such that 
C Ujli CC O'. Then by Theorem 4.1' and Theorem 4.4', there are 
functions {ujj'jLi and a neighborhood U of dU in R" with U CC UJli Vj 
such that 

m 

u = ^ Uj over U 

and for all j = 1, • • • , m, Uj G Dg(lj), Uj = over (l. Prom which we imply 
Uj = a.e. in \ ri for all j = 1, • • • , m. 
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Let uo = u-X;^i Uj. Then uq G DI{D) and uq = a.e. in {D\n)\J U, 
from wliich we get Uq = a.e. in D\{^}\U). Since Q\U CC $7, one can find 
a Lipscliitz open subset such that fl\U CC CC ^i. Because uq = a.e. 
in D \ 17, wc get by the trace theorem that Uq G Dq{Q). Then by Lemma 
1.2.1 in Chapter 3 in [11], it follows that Uq G H^^^i^) C H^^iQ). 

Next for each j = 1, • • • , m, by setting u* (.x) = Uj{x + tvj) for t > 
small enough and using the same argument as that in the proof of Theorem 
4.5, we obtain that Uj G Hq^^{^). 

Hence, we proved that u = X^^o^j ^ ^o,ai^)- '^^^^ completes the 
proof of Theorem 4.6. I 

Remark 4.7 After some slight modification in the proof of Theorem 
3.1, we can verify a similar decomposition result for vector- valued function 
u G L^(L')" with divu = in D. (Here divu is in the sense of distribu- 
tion.) To be more precise, we let {Uj}jLi C D he open subsets such that 
UjLi Uj CC D. Then for any open subset U with U CC U^i Uj there 
are functions {uj l^^ C L^{D)^ such that u = Uj over U, and for all 

j = 1, • • • , m, divuj = in D in the sense of distribution, sptUj C Uj and 

l|Uj||L2(D) < C||u||i2p). 

Furthermore, the same localization property as stated in Theorem 4.1 
and Theorem 4.2 for such a partition still holds. Thus we can also obtain 
the following: If ft is of class C in R", n = 2, 3, then 

Ll{n) = {u G l2(R'»)"; divu = in R", u = a.e. in R" \ O}, 

where Ll{n) = C^^(J7)"'"^' , the completion of C^^{n) in the norm of 

5. The existence of a shape optimization problem for the 
stationary Navier-Stokes equation 

Let D and B be open bounded Lipschitz subsets in R",n = 2,3, such 
that B dd D. Let O be the family of certain open subsets O contained in 
B, which is defined as in section 2. Consider for each J7 G the stationary 
Navier-Stokes equation on D \ J7 : 

-7AU- (u- V)u-1- Vp = f in 

divu = in D\Vi, (5.1) 

u = on dD{}dn, 
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where f is a given function in L^(D)"'. We shall denote by uq the weak 
solution of (5.1), i.e., G Hq ^{D \ Q) and 

7 / _ Vun • V^dx + / _(uf2 • V)un • ^dx = / _ f • ^dx 

JD\a, JD\a, JD\n 

for all $ G C^aiD \ H) = {* G C^{D \ H)"; div^' = 0}. 

It is well know that ( see [11] and [6] ) for each G O, (5.1) has at least 
one weak solution. Moreover, there is a positive constant C('y,d) depending 
only on 7 and the width of D such that if 

l|f|lL2(z))n <C(7,d), (5.2) 

then the weak solution to (5.1) is unique. In the following we always assume 
that (5.2) holds. 

Our purpose in this section is to study the following shape optimization 
problem: 

(-P) Minngo / _J{x,un,Vun)dx 

JB\n 

subject to Equation (5.1). 

Here we assume that J satisfies the following: 

{H) J : D X K"- X R"><"- — >. R+ = [0, 00) is measurable in the first 
variable and continuous in others. Moreover, there exist a positive constant 
C and a function g G L^{D) such that for all (x, ^, r/) G x R" x R"^", 

J(x,C,r/) < C{g{x) + leiiin + |r?|^„x„). (5.3) 

Problem (P) is to ask the shape of a body J7 in O such that the cost 

functional takes its minimum. For instance, if we take J{x,uq,'Vuq) = 
|Vus7p + |(Vun)-^|^, where (Vu)-^ denotes the transpose of Vuf^, then prob- 
lem (P) is to ask the shape of a body 0, among O having the smallest drag. 
( see [10] .) 

Theorem 5.1 Assume that the conditions in (4.2) and (4.3) are fulfilled. 
Then the shape optimization problem (P) has at least one solution $7* G O. 

Proof of Theorem 5.1 Let {^m}m=i <^ C be a minimizing sequence for 
Problem (P). By Lemma 2.1, there exist some G O and a subsequence of 

{^m}m=i' ^ti^^ denoted by itself, such that Hlimm^^oo^m = We notice 
that Q* CC D, for B CC D. Let Um, m = 1, 2, • • •, be the weak solutions to 
equation (4.1) with J7 = $7^. Then u^, G ^{D \ flm) and 

7 / _ Vu^ • V^dx + _ {Um ■ V)Uto • ^dx = / _ f • ^dx 

JD\am JD\am JD\Clm 
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for all $ G Hq^^{D \ Qm)- This immediately gives that 

/ _ \VUmfdx= / _ f-Umdx, 

for / _ (u^ ■ V)uto • Umdx = 0. Thus 

/ _ \Vum\'^dx < C, 

where C is a positive constant independent of m. 
Let 

"'"^'^^-lO inl7„U(R-n^)- 

Then it is clear that Um € -f^o,CT(-^\^m) C Hq^^{D) and {um}m=i bounded 
in HI{D)^. Thus there exists a subsequence of {u,^}^^^^, still denoted by 
itself, such that 

^ u weakly in H^{D)''^ and strongly in L'^{D)"' (5.4) 

for some u G Hq^^{D). 

We claim that u = a.e. in O*. Indeed, for any open subset K with 
CC O*, it follows from Lemma 2.2 that these exists an integer mx > 

such that K C for all m < uik- Thus 

/ |u(x)p(ix = lim^^oo / |u,n(x)|^(lx < lim^^oo / |um(a^)|^c?a; = 0, 

JK JK JQrn 

which implies u(x) = a.e. in K and so u = a.e. in VL* . 
Now it follows from Theorem 4.5 that u G H^^^^D \Vl*). 
We next prove 
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/ _ Vu • V$da; + / _ (u • V)u ■ = / _ f ■ (5.5) 

JD\Q* JL>\n* 



for any $ G C^^(^ \ f^*)- To this aim, we fix ^> G C^„{D \ Q*) and let 
K = (spt^y, the interior of spt^. Then by Lemma 2.3, there is a positive 
integer m{K) such that K C D \ fi^ for any m > m{K). Therefore, 

7 / Vum • V$da; + / • <^dx = / f • <^dx 

J spt<^ J spt<^ J spt^ 
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for any m > m{K). Passing to the limit, as m ^ oo, in the above, we get 
(5.5). Hence, u is a weak solution to equation (5.1) where $7 = 0*. 
Finally, we shall show 

/ _ J(a;, u, Vu)cia; = Minneo / _ J(x, un, Vun)dx. 
Jd\q. JD\n 

For this purpose, we let D\fl* = Uj^i Gj where Gj,j = 1, • • •, are open 
subsets in such that Gj C Gj+i. Then by Lemma 2.3, we obtain that 

for each j, there exists an integer rrij > such that Gj G D \ for any 
m > rrij. Therefore, we have for each j, that 

lisim^oo / _ «^(a^,Um, VuTO)da; > lim^^oo / J(x, Um, Vum)(ia;. (5.6) 

On the other hand, since u is the weak solution of (5.1) where $7 = $7*, we 
have 

7 / _ iVupdx = / _ f • udx, 
Jd\ci* Jd\ci* 

from which it follows that 



Jd Jd Joxcim Jd\^i* 

= —{ [ _ f • Umdx — / _ f • udx) 

7 JoXfim Jdxq* 

= — [ f • Umdx — [ f • udx —> as m — > oo, 
7 Jd Jd 



7 
i.e.. 

This together with (5.4) imphes that 

Urn u strongly in H^{D)"'. 

Now by the assumption in (H), Lemma 2.3 and by Fatou's lemma, we get 
for each j, the following: 

Mkni^oo Jix,Urn,'^Um)dx > / J(x, U, Vu)(ix. 

J G-i J (jr-7 
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mization solution for problem (P). 

This completes the proof of Theorem 5.1. ■ 

Remark 5.2 By the same argument as above and making use of Theo- 
rem 4.6 instead, we can similarly obtain the existence for the following shape 
optimization problem: 



where un denotes the weak solution of (5.7) corresponding to O, E O. 

References 

[1] R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975. 

[2] R. Bott and Loring W. Tu, Differential Forms in Algebraic Topology, 
Springer- Verlag, New York, 1982. 

[3] D. Bucur and JP Zolesio, N- dimensional shape optimization under ca- 
pacitary constraints, J. Differential Equations, 123: 504-522, 1995. 






(5.7) 



24 



[4] D. Chenais, On the existence of a solution in a domain identification 
problem, J. Math. Anal. Appl., 52: 189-219, 1975. 

[5] Georges de Rham, Differentiable Manifolds, Translated from the French 
by F. R. Smith, Springer- Verlag, Heidelberg, 1984. 

[6] Giovanni P. Galdi, An Introduction to The Mathematical Theory of The 
Navier-stokes Equations, Springer- Verlag, New York, 1994. 

[7] L. Hedberg, Spectral synthesis in Sobolev spaces and uniqueness of solu- 
tion of the Dirichlet problem, Acta Math. 147: 237-264, 1981. 

[8] V. Maz'ya, Sobolev Spaces, Springer- Verlag, Berlin, 1985. 

[9] Marvin J. Greenberg and John R. Harper, Algebraic Topology, A First- 
Course, The Benjamin/Cummings Publishing Company, London, 1981. 

[10] O. Pironneau, Optimal Shape Design for Elliptic Systems, Springer- 
Verlag, Berlin, 1984. 

[11] Hermann Sohr, The Navier-Stokes Equations: An Elementary Func- 
tional Analytic Approach, Birkhaser, Berlin, 2001. 

[12] V. Sverak, On optimal shape design, J. Math. Pures Appl., 72: 537-551, 
1993. 

[13] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Cam- 
bridge University Press, New York, 1993. 

[14] Dan Tiba, A property of sobolev spaces and existence in optimal design, 
Appl. Math. Optim., 47: 45-58, 2003. 

[15] G. S. Wang, L. Wang and D. H. Yang, Shape optimization of elliptic 
equations in exterior domains, submitted. 



25 



